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Question 1 

(a)Find  y` from the following:                                                                                               

(i) 𝑦 = 𝑥−3 + 4𝑥2
− 2          (ii) 𝑦 = sin 𝑥2 . sec 𝑥             (iii) 𝑦 = ln ln 𝑥 + cos ln 𝑥                       

(iv) y = sec3x + log x          (v) 𝑦3 + 𝑒𝑥𝑦 + 𝑥𝑥 = 0          (vi) y = t tan t,  𝑥 = t ln t 

(b)Find the following limits: 

(i) Lim 
x→π

tan 2x

sin x
      (ii) Lim 

x→0

ln(1 + 2x)

3x − 4x
      (iii) Lim

x→∞
 

x2

x2 + ln x
    (iv) Lim 

x→∞

x6 − 3x

x5 + 4x
 

Question 2 

(a)Write the Maclurin’s  expansion of the function:  𝑓(𝑥) = 𝑥 𝑐𝑜𝑠 𝑥2. 

(b)State and discuss Rolle’s theorem for  𝑓(𝑥) = √(𝑥 − 1)23
   in interval [0, 2]. 

(c)Sketch the curve of each function :  𝑓(𝑥) = 𝑥 − ln 𝑥 ,     𝑔(𝑥) =
1

√𝑥2−1
 . 

(d)Find the integrals: (i)∫(
1

𝑥3
+

1

3𝑥
) 𝑑𝑥     (𝑖𝑖) ∫(3𝑥 − 4𝑥)

2
𝑑𝑥      (𝑖𝑖𝑖) ∫

cos 𝑡

√sin 𝑡
𝑑𝑡 

Question 3 

(a)Find the sum to n terms from the series :  
1

1.2.3
+

1

2.3.4
+

1

3.4.5
+ ⋯ 

    Also, show that its sum to infinity is  0.25 . 

(b)Prove that : (1 + 2 + 3 + ⋯ + 𝑛)2 = 13 + 23 + 33 + ⋯ + 𝑛3 ,  𝑛 ∈ 𝑁. 

(c)Sum the series :  1 + 𝑥(1 + 𝑥) + 𝑥2(1 + 𝑥 + 𝑥2) … . 𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠. 

(d)Find the coefficient of  𝑥15 in the expansion : (1 + 𝑥)4(1 − 𝑥)−4. 

Question 4 

(a)Resolve the fraction :  
6𝑥2−8𝑥+3

(1−𝑥)3
  into its partial fractions. 

(b)Solve the equation : 𝑧2 = 1 + 𝑖√3 . 

(c)Discuss the existence of the solution of the linear system : 

     
2 3 2, 2 3, 2 3 1x y z x y z x y z            

(d)Solve the equation  𝑥4 − 7𝑥3 + 21𝑥2 + 𝑘𝑥 + 30 = 0  given that  1 + 2𝑖   

    is a root. Also, find the value of k . 

(e)Find the eigenvalues and eigenvectors of the matrix :  𝐴 = [
1 2
3 2

] 
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Model Answer 

Answer of Question 1 

(a)(i) 𝑦` = −3𝑥−4 + 4𝑥2
. ln 4 . 2𝑥 − 0                  (ii) 𝑦` = sin 𝑥2. sec 𝑥 . tan 𝑥 + cos 𝑥2 . 2𝑥. sec 𝑥              

(iii) 𝑦` =
1

ln 𝑥
.

1

𝑥
 – sin ln 𝑥 .

1

𝑥
                                              (iv) y` = 3 sec3 x . tan x +

1

ln 10
.

1

𝑥
           

(v) 3𝑦2. 𝑦` + 𝑒𝑥𝑦(𝑦 + 𝑥𝑦`) + 𝑒𝑥 ln 𝑥(1 + ln 𝑥) = 0               (vi) y` =
t.sec2 t+tan t

1+ln t
 

-----------------------------------------------------------------------------------------------12-Marks 

(b)(i) Lim 
x→π

tan 2x

sin x
=

0

0
= Lim 

x→π

2sec2 2x

cos x
= −2 

(ii) Lim 
x→0

ln(1 + 2x)

3x − 4x
=

0

0
=

2

ln(3/4)
 

(iii) Lim
x→∞

 
x2

x2 + ln x
=

∞

∞
= Lim

x→∞
 

2x

2x +
1
x

=
∞

∞
= Lim

x→∞
 
4𝑥

4x
= 1 

(iv) Lim 
x→∞

x6 − 3x

x5 + 4x
=

∞

∞
= Lim 

x→∞

x6

4x −
3x

4x

x5

4x + 1
= 0 

-----------------------------------------------------------------------------------------------8-Marks 

Answer of Question 2 

(a) f(x) = x cos x2 = x [1 −
x4

2!
+

x8

4!
− ⋯ ] = x −

x5

2!
+

x9

4!
− ⋯ 

-----------------------------------------------------------------------------------------------4-Marks 

(b)Rolle’s theorem. 

We see that 𝑓(𝑥) continuous in the given interval [0, 2] but its derivative 𝑓`(𝑥) =
2

3 √𝑥−1
3   

is infinity at 1  and  f(0) = f(2) =1. The theorem is not satisfied. 

-----------------------------------------------------------------------------------------------4-Marks 

(c) 𝑓(𝑥) = 𝑥 − ln 𝑥                        y 

 

 

 

                                                                 (1 , 1) 

                                                       0          1         2                                             x 
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  𝑔(𝑥) =
1

√𝑥2−1
 . 

                                                               y 

 

 

 

 

 

 

                                                  – 1        0               1                                     x 

-----------------------------------------------------------------------------------------------12-Marks 

(𝑑)(𝑖) ∫ (
1

𝑥3
+

1

3𝑥
) 𝑑𝑥 = −

1

2
𝑥−2 +

(
1
3

)
𝑥

ln(1/3)
+ 𝑐 

(𝑖𝑖) ∫(3𝑥 − 4𝑥)2 𝑑𝑥 = ∫(9𝑥 + 16𝑥 − 2  12𝑥)𝑑𝑥 =
9𝑥

ln 9
+

16𝑥

ln 16
− 2

12𝑥

ln 12
+ 𝑐 

(𝑖𝑖𝑖) ∫
cos 𝑡

√sin 𝑡
𝑑𝑡 = ∫ cos 𝑡 (sin 𝑡)−1/2 𝑑𝑡 = 2 √sin 𝑡 + 𝑐 

-----------------------------------------------------------------------------------------------9-Marks 

                                                                                                       Dr. Mohamed Eid 

Answer of Question 3 

(a)Given the series
1 1 1

...
1.2.3 2.3.4 3.4.5

    find its sum to n terms. Show that its sum to 

infinity is 0.25 

Solution  

1

( 1)( 2)
ru

r r r


 
 

 

 

1 1 ( 2) 2
2

( 1) ( 1)( 2) ( 1)( 2) ( 1)( 2) ( 1)( 2)

1 1 1 1
( ) ( 1)

2 ( 1) ( 1)( 2) 2

1 1 1 1
(1) ( 1)

2 2 2 ( 1)( 2)

1 1 1 1
lim

2 2 ( 1)( 2) 4

r

r

n

n

r r
u

r r r r r r r r r r r r r

u f r f r
r r r r

S f f n
n n

S
n n





    

        

 
     

   

 
     

  

 
   

  

 

----------------------------------------------------------------------------------------------------- 
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(b)Prove that 2 3 3 3 3(1 2 3 ... ) 1 2 3 ...n n          for every integern . 

Solution 

 

 

3 3 3 3 3

1 1

2

1 2 3 ... ( 1)( 2) 3 ( 1)

( 1)( 2)(n 3) 3 ( 1)(n 2) ( 1)

4 3 2

3 ( 1)( 2)(n 3) 12 ( 1)(n 2) 6 ( 1)

12 12 12

( 1)
3( 2)(n 3) 12(n 2) 6

12

( 1)
3 15 18 12 24 6

12

( 1

n n

r r

n r r r r r r r

n n n n n n n

n n n n n n n

n n
n

n n
n n n

n n

 

          

     
  

     
  


     


     




 

   
222 2

22

1

) ( 1) ( 1)
3 3 1 2 3 ...

12 4 2

n

r

n n n n
n n r n



   
          

   


 

 

 

Another solution by (mathematical induction) 

At n=1 

2 3(1) 1  

At n=2 

2 3 3(1 2) 1 2 9     

At n=k the statement is true 

2 3 3 3 3(1 2 3 ... ) 1 2 3 ...k k          

We prove that  

 

2 3 3 3 3 3

2

2 2

3 3 3 3

3 3 3 3

3 3 3

(1 2 3 ... ( 1)) 1 2 3 ... ( 1)

L.H.S (1 2 3 ... ( 1))

(1 2 3 ... ) ( 1) 2( 1)(1 2 3 ... )

( 1)
1 2 3 ... ( 1) ( 1) 2

2

1 2 3 ... ( 1) ( 1) ( 1)

1 2 3 ...

k k k k

k k

k k k k

k k
k k k

k k k k k

            

      

            

 
         

 

         

    3 3( 1) R.H.Sk k   

 

-------------------------------------------------------------------------------------------------------  

(c)Sum the series 2 21 (1 ) (1 ) ...to n terms x x x x x       
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Solution 

 

2 2

2 2 1 2 1

2 3
2 1

2 2 3 1

2 1 3 5 2

1 (1 ) (1 ) ...to n terms

1 (1 ) (1 ) ...+ (1 ... x )

(1 ) (1 ) (1 x )
1 ...+

1 1 1

1
1 (1 ) (1 ) ... x (1 )

1

1
1 ... x ...

1

n n

n
n

n n

n

x x x x x

x x x x x x x x

x x
x x x

x x x

x x x x x x
x

x x x x x x
x

 







     

         

  
   

  

         
 

         


 1

2 1

2 2

1 1 (1 ) (1 )(1 )

1 1 1 (1 )(1 )

n

n n n nx x x x x

x x x x x





 
  

    
   

      

 

-------------------------------------------------------------------------------------------------------  

(d)Find coefficient 15x in the expansion 4 4(1 ) (1 )x x   . 

Solution 

 

 

4 4 2 3 4 4

0

2 3 4 4 1

0

(1 ) (1 ) 1 4 6 4 ( )

1 4 6 4 ( 1) ( 1)

r
r

r

r r r r
r

r

x x x x x x C x

x x x x C x


 




 



 
        

 

 
       

 

 

2 3 4 3

0

(1 4 6 4 ) r r
r

r

x x x x C x






 
      

 
 

 2 3 4 3 4 5 2 3
0 1 2(1 4 6 4 ) ... ...n n

nx x x x C C x C x C x           

Coefficient 15
x is 

18 17 16 15 14
15 14 13 12 11

18 17 16 15 14
3 3 3 3 3

4 6 4

4 6 4

18.17.16 17.16.15 16.15.14 15.14.13 14.13.12
4. 6. 4. 9080

3.2.1 3.2.1 3.2.1 3.2.1 3.2.1

C C C C C

C C C C C

   

    

    

 

------------------------------------------------------------------------------------------------------- 

Answer of Question 4 

(a)Resolve 
2

3

6 8 3

(1 )

x x

x

 


 into its partial fraction.  

Answer 
2

3 3 2

6 8 3

(1 )(1 ) (1 ) (1 )

x x A B C

xx x x

 
  

  
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2 2

2

2

3 3 2

6 8 3 (1 ) (1 ) at 1 then 1

compare coefficent 6

compare coefficent 8 2 4

6 8 3 1 4 6

(1 )(1 ) (1 ) (1 )

x x A B x C x x A

x c

x B C then B

x x

xx x x

         



     

  
  

  

 

------------------------------------------------------------------------------------------------------- 

(b) Solve the equation 
2 1 3z i   

 

Solution 

The solution of the  equation 
2 1 3z i   is   

1/2
1 3z i   first we put the number 

1 3i  in polar form 2 2 1 3 2r x y      and 
1 3

cos ,sin
2 2

   which show 

that 
3


   then  3 3

1 3 2 cos sini i    hence 

 
1/21/2

3 3

1/2
6 6
3 3

6 6
6 6

1 3 2 cos( 2 ) sin( 2 )

2 cos( ) sin( )

2 cos( ) sin( ) , 0,1

k k

k k

z i k i k

i

i k

 

   

   

 

 

 

      
 

  
 

   
 

 

At k=0 

 1 6 6

3 1 2
2 cos( ) sin( ) 2 3

2 2 2
z i i i   

        
 

 

At k=1 

 

6 6
2 6 6

7 7
6 6

2 cos( ) sin( )

1 3 2
2 cos( ) sin( ) 2 3

2 2 2

z i

i i i

   

 

   
 

 
         

 

 

-------------------------------------------------------------------------------------------------------  

(c)Discuss the existence of the solution for the system 

2 3 2

2 3

2 3 1

x y z

x y z

x y z

   

   

  

 

Solution 

First write down the augmented matrix. 
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1 2 3 2

1 1 2 3

2 1 3 1

  
 
 
 
  

 

We won’t put down as many words in working this example. Here’s the work for this 

augmented Matrix. 

1 2 2
2 1 3 3

32 2 3 32

1 2 3 2 1 2 3 2

1 1 2 3 0 1 1 1

2 1 3 1 0 3 3 5

1 2 3 2 1 2 3 2

0 1 1 1 0 1 1 1

0 3 3 5 0 0 0 8

R R R
R R R

R R RR

 
  

  

      
   
  
   
       

      
   

   
   
      



 

 

We won’t go any farther in this example. Let’s go back to equations to see why 

1 2 3 2 2 3 2

0 1 1 1 1

0 0 0 8 0 8

x y z

y z

      
 

     
 
   

 

 

rank rankA G  

Then the system inconsistent (no solution).  

------------------------------------------------------------------------------------------------------- 

(d)Solve the equation 
4 3 27 21 30 0x x x kx     Given that 1 2i  is a root of the 

equation, find the values k.  

Solution 

Since 1 2w i   is a root then 1 2w i   is also root 

Let the others roots are a and b 

(1 2 ) (1 2 ) 7

2 7

a b 5 (1)

(1 2 )(1 2 ) 30

5 30

6 (4)

     

  

 

  





i i a b

a b

ab i i

ab

ab

 

From (1) and (2) a and b are the roots of the equation 
2 5 6 0y y    then  

2 3a b   
To find k  
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4 3 2(2) (2) 7(2) 21(2) 2 30 0

2 74 0

37

f k

k

k

     

 

 
 

------------------------------------------------------------------------------------------------------- 

(e)Find the eigen values and eigen vectors for the matrix 
1 2

3 2
A

 
  
 

 

 

Solution: 

Let the eigen vector in the form 
x

X
y

 
  
 

 we solve the equation AX X  i.e. 

1 2

3 2

x x

y y


     
     

     
 

which gives the system of equations  

2 or ( 1) 2 0 ( )

3 2 or 3 ( - 2 ) 0 ( )

x y x x y i

x y y x y ii

 

 

    

    
 

which has a solution  subject to  

( 1) 2
( 4)( 1) 0 1, 4

3 ( 2)


   



  
        

  
 

when 4   we use (i),(ii) then  3 2 0x y   then  

2

3

x

y

   
   

   
is the first eigen vector corresponding the eigen 

value 4   and when 1,  
1

1

x

y

   
   

   
 

------------------------------------------------------------------------------------------------------------------------------------------------- 

Dr. Fathi  Abdessalam 


